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a b s t r a c t
For a connected graph G, the restricted edge-connectivity λ′(G) is defined as the minimum
cardinality of an edge-cut over all edge-cuts S such that there are no isolated vertices in
G− S. A graph G is said to be λ′-optimal if λ′(G) = ξ(G), where ξ(G) is the minimum edge-
degree in G defined as ξ(G) = min{d(u)+ d(v)− 2 : uv ∈ E(G)}, d(u) denoting the degree
of a vertex u. The main result of this paper is that graphs with odd girth g and finite even
girth h ≥ g+ 3 of diameter at most h− 4 are λ′-optimal. As a consequence polarity graphs
are shown to be λ′-optimal.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
Throughout this paper, only undirected simple graphs without loops or multiple edges are considered. Unless otherwise
stated, we follow the book by Chartrand and Lesniak [1] for terminology and definitions.
The diameter of G, denoted by diam(G), is the maximum distance over all pair of vertices. The degree of a vertex v is
d(v) = |N(v)|, whereas δ = δ(G) is the minimum degree of G. The edge-connectivity λ of a graph G is defined as the
minimum number of edges whose removal from G produces a disconnected graph. This parameter λ gives the minimum
cost to disrupt a network, but it does not take into account what remains after deletion. As a more refined index than
edge-connectivity, restricted edge-connectivity λ′ = λ′(G) was introduced by Esfahanian and Hakimi [2] as the minimum
cardinality over all restricted edge-cuts S, such that there are no isolated vertices in G − S. A restricted edge-cut S is called
a λ′-cut if |S| = λ′. Obviously for any λ′-cut S, the graph G − S consists of exactly two components. A connected graph
G is called λ′-connected if λ′ exists. Esfahanian and Hakimi [2] showed that each connected graph G of order n(G) ≥ 4
except a star, is λ′-connected and satisfies λ′ ≤ ξ , where ξ = ξ(G) denotes the minimum edge-degree of G defined as
ξ(G) = min{d(u) + d(v) − 2 : uv ∈ E(G)}. Furthermore, a λ′-connected graph is said to be λ′-optimal if λ′ = ξ . Recent
results on this property are obtained in [3–7].
The odd girth (even girth) of G is the length of a shortest odd (even) cycle in G. In this work we are interested in studying
graphswith girth pair (g, h), that is, with odd girth g and even girth h. If there is no odd (even) cycle in G, then the odd (even)
girth of G is taken as∞. Let g = g(G) denote the smaller of the odd and even girths of a graph G containing cycles, and let
h = h(G) denote the larger. Then g is called the girth of G, and (g, h) is called the girth pair of G. Girth pairs were introduced
by Harary and Kovács [8]. A lower bound on the order of a regular graph with girth pair (g, h), for odd g and even h ≥ g + 3
was found in [9]. Sufficient conditions for a graph to have high connectivity in terms of the girth pair (g, h) have been given
in [10–13].
The main result of this paper is the following theorem.
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Theorem 1.1. Let G be a λ′-connected graph of minimum degree δ and girth pair (g, h), odd g and even h with g+ 3 ≤ h <∞.
Then G is λ′-optimal if
(i) diam(G) ≤ 2 if either g ≥ 5 or g = 3, δ ≥ 3 and G has no triangle with all its vertices of degree 3;
(ii) diam(G) ≤ h− 4 if either g ≥ 5 and δ ≥ 4 or g = 3 and δ ≥ 5.
2. Results on graphs with a given girth pair
Let G be a graph with vertex set V = V (G) and edge set E = E(G). For u, v ∈ V , d(u, v) = dG(u, v) denotes the distance
between u and v. For S, F ⊂ V , d(S, F) = dG(S, F) = min{d(s, f ) : s ∈ S, f ∈ F} denotes the distance between S and F .
For every S ⊂ V , and every nonnegative integer r ≥ 0,Nr(S) = {w ∈ V : d(w, S) = r} denotes the neighborhood of S at
distance r . Observe that N0(S) = S. When r = 1 we put simply N(S) instead of N1(S).
We also use the following notation introduced in [4]. Let U, F ⊂ V . Then, [U, F ] stands for the set of edges {uf ∈ E : u ∈
U, f ∈ F}. If U = {u}, then we write simply [u, F ] instead of [{u}, F ]. Let G be λ′-connected. An arbitrary λ′-cut S will be
denoted by [V (C), V (C)], where C and C are the two components of G− S. As there exist X ⊂ V (C) and X ⊂ V (C) such that
both X and X are the endvertices of the edges of [V (C), V (C)], we can write [V (C), V (C)] = [X, X].
To prove Theorem 1.1, we need the following proposition, which shows that the even girth h is a suitable index in order
to study how far away a vertex of a non-λ′-optimal graph G can be from a set of vertices.
Proposition 2.1. Let G be aλ′-connected graph ofminimumdegree δ and girth pair (g, h), odd g and even hwith g+3 ≤ h <∞.
Let [V (C), V (C)] = [X, X] ⊂ E be a λ′-cut, X ⊂ V (C), X ⊂ V (C). If G is non-λ′-optimal, then there exists a vertex u ∈ V (C)
such that
(i) d(u, X) ≥ 1 if either g ≥ 5 or g = 3, δ ≥ 3 and G has no triangle with all its vertices of degree 3;
(ii) d(u, X) ≥ (h− 4)/2 if either g ≥ 5 and δ ≥ 4 or g = 3 and δ ≥ 5.
Proof. Let G be a λ′-connected graph, and let S = [X, X] be a λ′-cut, X ⊂ V (C) and X ⊂ V (C) being the sets of endvertices
of the edges in S, where C and C are the two components of G − S. For any vertex v ∈ V (C) we will use the following sets
in the proof:
S−(v) =
{z ∈ N(v) : d(z, X) = d(v, X)− 1} if d(v, X) ≥ 1;
N(v) ∩ X if v ∈ X .
S=(v) = {z ∈ N(v) : d(z, X) = d(v, X)}.
(1)
Let us denote µ = max{d(v, X) : v ∈ V (C)}.
(i) Suppose that µ = 0. This implies that every vertex of V (C) is an end of some edge in [X, X], that is, V (C) = X .
Moreover, since G is λ′ connected there exists an edge uv in C . Note that (N(v) − u) ∪ (N(u) − v) ⊂ X ∪ X and that
|(N(v)− u) ∩ (N(u)− v)| ≤ 1, since h ≥ 6. If (N(v)− u) ∩ (N(u)− v) = ∅ then
λ′(G) ≥ |[v, X]| + |[(N(v)− u) ∩ X, X]| + |[u, X]| + |[(N(u)− v) ∩ X, X]|
= d(v)+ d(u)− 2 ≥ ξ(G),
which is a contradiction. Thus, (N(v)− u) ∩ (N(u)− v) = {z} yielding that u, v, z induce a triangle in G, i.e., g = 3.
Observe that the sets (N(v)∩ X) \ {u, z}, (N(u)∩ X) \ {v, z}, (N(z)∩ X) \ {u, v} and {u, v, z} are pairwise disjoint since
G has no cycle of length four. Therefore,
λ′(G) ≥ |[v, X]| + |[(N(v) ∩ X) \ {u, z}, X]| + |[u, X]| + |[(N(u) ∩ X) \ {v, z}, X]| + |[z, X]|
+ |[(N(z) ∩ X) \ {u, v}, X]|
≥ |N(v) \ {u, z}| + |N(u) \ {v, z}| + |N(z) \ {u, v}|
≥ d(v)− 2+ d(u)− 2+ d(z)− 2
= d(v)+ d(u)+ d(z)− 6
≥ ξ(G),
because by hypothesis when g = 3, δ ≥ 3 and G has no triangle with all its vertices of degree 3, leading to a contradiction.
Thus µ ≥ 1 and item (i) holds.
(ii) Assume by way of contradiction that 1 ≤ µ ≤ (h − 6)/2 (i.e., h ≥ 8) let us choose a vertex u ∈ Nµ(X) ∩ V (C) such
that |S−(u)| ≤ |S−(v)| for all v ∈ Nµ(X) ∩ V (C), and denote by δN(u) = min{d(v) : v ∈ N(u)}. Let us consider the sets
A = N2(u)∩Nµ(X), B = N2(u)∩Nµ−1(X) andD = N2(u)\(A∪B). Note thatNµ−1(B)∩X = B ifµ = 1 and |Nµ−1(B)∩X | ≥ |B|
if µ ≥ 2, otherwise an even cycle of length at most 2µ+ 2 ≤ h− 4 would be created. Also observe that |D| ≥ 1 and D ⊂ X
if µ = 1. Two cases need to be distinguished.
Case 1. |S−(u)| ≥ 2, therefore |S−(v)| ≥ 2 for every v ∈ Nµ(X) ∩ V (C), due to the way u has been chosen.
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In particular, |Nµ(a) ∩ X | ≥ |S−(a)| ≥ 2 for all a ∈ A, yielding |

Nµ(A) \ Nµ(u)
 ∩ X | ≥ |A| for if not, an even cycle of
length at most 2µ+ 4 ≤ h− 2 appears. Moreover, for the same reason, |[Nµ(u) ∩ X, X]| ≥ |D|. Hence,
ξ(G)− 1 ≥ |[X, X]|
≥ |[Nµ(u) ∩ X, X]| + |[

Nµ(A) \ Nµ(u)
 ∩ X, X]|
≥ |D| + |A|
= (|N2(u)| − |A| − |B|)+ |A|
≥

−
v∈N(u)
(d(v)− 1)− |B| if g ≥ 5;−
v∈N(u)
(d(v)− 2)− |B| if g = 3. (2)
If g = 3 and δ ≥ 5, from (2) it follows that
d(u)+ δN(u) − 3 ≥ ξ(G)− 1 ≥
−
v∈N(u)
(d(v)− 2)− |B| ≥ d(u)(δN(u) − 2)− |B|,
yielding that
|B| ≥ d(u)(δN(u) − 2)− d(u)− δN(u) + 3 = (d(u)− 1)(δN(u) − 3).
Taking into account that (a− 1)(b− 3) ≥ a+ b− 2 for a, b ≥ 5 two integer numbers, we have
|B| ≥ d(u)+ δN(u) − 2.
Hence, λ′(G) ≥ |X | ≥ |Nµ−1(B)∩ X | ≥ |B| ≥ d(u)+ δN(u) − 2 ≥ ξ(G), against the fact that G is non-λ′-optimal. If g ≥ 5, by
hypothesis δ ≥ 4. From (2) it follows that |B| ≥ (d(u)−1)(δN(u)−2)+1. Thus, we arrive again to contradiction by applying
(a− 1)(b− 2) ≥ a+ b− 3 for two integers a, b ≥ 4.
Case 2. |S−(u)| = 1.
Let us denote S−(u) = {w} and Aw = N(w) ∩ Nµ(X), A′ = A \ Aw, Bw = N(w) ∩ Nµ−1(X) and B′ = B \ Bw .
Let us prove the following claim.
Claim 1. |A′| + |B′| ≥

2ξ(G)− 4 if g = 3;
2ξ(G)− 3 if g ≥ 5.
If g ≥ 5 by hypothesis, δ ≥ 4. Then
(d(u)− 1)(δN(u) − 1) ≤
−
v∈N(u)−w
(d(v)− 1) ≤ |A′| + |B′|,
yielding that |A′| + |B′| ≥ 2ξ(G) − 3 because ab ≥ 2(a + b) − 3 holds for any two integers a, b ≥ 3. Furthermore, for g = 3
and δ ≥ 5, as h ≥ 8, we get
(d(u)− 1)(δN(u) − 2) ≤
−
v∈N(u)−w
(d(v)− 2) ≤ |A′| + |B′|.
Thus |A′| + |B′| ≥ 2ξ(G)− 4 because (a− 1)(b− 2) ≥ 2(a+ b− 2)− 4 holds for any integers a, b ≥ 5. 
Note that the sets Nµ(A′)∩X and Nµ−1(w)∩X are disjoint, otherwise an even cycle of length at most 2µ+2 ≤ h−4 would
be created. Furthermore, by the same reason, |[Nµ(A′) ∩ X, X]| ≥ |Nµ(A′) ∩ X | ≥ |A′| and |[Nµ−1(w) ∩ X, X]| ≥ |D|. Thus
|A′| + |D| ≤ |[Nµ(A′) ∩ X, X]| + |[Nµ−1(w) ∩ X, X]| ≤ ξ(G)− 1. (3)
Also, since the sets Nµ−1(B′)∩X and Nµ−1(Bw)∩X are pairwise disjoint, and |Nµ−1(B′)∩X | ≥ |B′| and |Nµ−1(Bw)∩X | ≥
|Bw|, hence
|B′| + |Bw| ≤ |Nµ−1(B′) ∩ X | + |Nµ−1(Bw) ∩ X | ≤ ξ(G)− 1. (4)
If g ≥ 5, from (3), (4) and Claim 1 it follows that 2ξ(G) − 2 ≤ |A′| + 1 + |B′| ≤ |A′| + |D| + |B′| + |Bw| ≤ 2ξ(G) − 2,
yielding that all the above inequalities are equalities. That is,
|D| + |Bw| = 1
|A′| = ξ(G)− 2
|B′| = ξ(G)− 1.
(5)
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Fig. 1. Polarity graphs for q = 2, 3, 4.
If g = 3, from (3), (4) and Claim 1 it follows that 2ξ(G) − 3 ≤ |A′| + 1 + |B′| ≤ |A′| + |D| + |B′| + |Bw| ≤ 2ξ(G) − 2,
yielding that
1 ≤ |D| + |Bw| ≤ 2
ξ(G)− 3 ≤ |A′| ≤ ξ(G)− 2
ξ(G)− 2 ≤ |B′| ≤ ξ(G)− 1.
(6)
Note that Aw ∪ Bw ∪D is a partition of N(w)− u, and 4 ≤ |N(w)− u| = |Aw| + |Bw| + |D| = |Aw| + 2 if g = 3 and δ ≥ 5,
and 3 ≤ |N(w)− u| = |Aw| + |Bw| + |D| = |Aw| + 1. Thus |Aw| ≥ 2.
Note that |Aw ∩ N(u)| ≤ 1 because G has no cycles of length 4. Thus there exists a vertex aw ∈ Aw \ N(u) such that there
is z ∈ S=(aw)with z ∉ N(u) ∪ {u}. As the sets Nµ−1(B′) ∩ X and Nµ(z) ∩ X are disjoint, then by (5) and (6) we have
ξ(G) = |B′| + 1 ≤ |Nµ−1(B′) ∩ X | + |Nµ(z) ∩ X | ≤ ξ(G)− 1,
which is a contradiction. Hence S=(aw) = ∅, and |S−(aw)| ≥ 4. This implies, as Nµ−1(S−(aw)) ∩ X and Nµ(A′) ∩ X are
disjoint, and applying (5) and (6), that
ξ(G) ≤ |A′| + 4 ≤ |A′| + |S−(aw)| ≤ |Nµ(A′) ∩ X | + |Nµ−1(S−(aw)) ∩ X | ≤ ξ(G)− 1
a contradiction, which finishes the proof. 
Proof of Theorem 1.1. We will only do the proof of (ii), the proof of (i) is analogous. Suppose that G is non-λ′-optimal and
consider a λ′-cut [V (C), V (C)] = [X, X]. By Proposition 2.1, there exists a vertex u ∈ V (C) such that d(u, X) ≥ (h − 4)/2
and there exists a vertex u ∈ V (C) such that d(X, u) ≥ (h− 4)/2. Hence diam(G) ≥ d(u, X)+ 1+ d(X, u) ≥ h− 3, against
the hypothesis diam(G) ≤ h− 4. 
One important family of graphs with girth pair g = 3 and h = 6 are polarity graphs defined as follows. Let P be
a finite projective plane, and let π be a polarity of P (a one-to-one mapping of points onto lines such that p′ ∈ π(p)
whenever p ∈ π(p′)). The polarity graph G(P , π) is the graph whose vertex set is the set of points of P and whose edge set
is {pp′ : p ∈ π(p′)}. A polarity graph has diameter 2, g = 3 and no 4-circuits, and they are the unique graphs satisfying these
requirements [14]. Its vertex connectivity has been studied very recently in [11]. Polarity graphs are extremal graphs for the
extremal problem of finding graphs with a maximum number of edges with no 4-circuits of order nwhen n = q2+ q+ 1, q
being a prime power; see [15–17]. The vertices have degrees q or q + 1, the vertices lying on triangles have degree q + 1
and two vertices of degree q are not adjacent. Fig. 1 depicts three polarity graphs for q = 2, 3, 4.
Theorem 2.1. Polarity graphs are λ′-optimal.
Proof. It is not difficult to check that for q = 2 the corresponding graph of seven vertices is λ′-optimal; see Fig. 1.
Furthermore, by Theorem 1.1, polarity graphs are λ′-optimal for q ≥ 4 (because q is the minimum degree). Finally, the
polarity graph for q = 3 has diameter 2 and there is no triangle with all its vertices of degree 3. Hence, by applying
Proposition 2.1 this graph is also λ′-optimal. 
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